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ABSTRACT 

The deconfining transition in non-Abelian gauge theory is known 
to occur by a condensation of Wilson lines. By expanding around 
an appropriate Wilson line background, it is possible at large iV to 
analytically continue the confining phase to arbitrarily high temper- 
atures, reaching a weak coupling confinement regime. This is used to 
study the high temperature partition function of an SU(N) electric 
flux tube. It is found that the partition function corresponds to that 
of a string theory with a number of world-sheet fields that diverges 
at short distance. 



The large- N limit is one of the few analytic methods available in strongly 
coupled gauge theory, but has not yet proven solvable beyond two dimensions. 
Nevertheless, the topological nature of the perturbation expansion makes it 
tempting to believe that the large-iV theory can be recast as a theory of 
noninteracting strings. 1 The principal tools that have been used to study this 
are the lattice strong coupling expansion and the loop equation. The strong 
coupling expansion can be written as a sum over noninteracting surfaces, 
but the complicated weights make the continuum interpretation difficult. 2 
The loop equations have been argued to be equivalent to those for a string 
theory with additional world-sheet fields, 3 but the mathematical intricacies 
of the loop equations make this claim difficult to evaluate. In this paper 
we will employ another tool, one which has proven useful in understanding 
the physics of both gauge theory and string theory. This is the study of 
the vacuum amplitude in a periodic Euclidean spacetime. We will focus on 
one compact dimension of period (3. The vacuum amplitude can then be 
interpreted as the partition function at inverse temperature (3. 

The basic question we wish to ask is the number of degrees of freedom 
of a long flux tube at high energies. In recent work with Strominger, 4 we 
have investigated this question at low energies. In this limit one expects 
an effective string description with D — 2 degrees of freedom, the transverse 
oscillations of the tube; here D is the spacetime dimension. In ref. 4, this 
was shown to be consistent with a covariant conformal field theory of central 
charge 26, as needed for a consistent quantization of the string. The theory of 
ref. 4 is an effective theory, nonrenormalizeable and so invalid at sufficiently 
high energies. As one increases the energy, one would not be surprised to 
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find that the flux tube has additional degrees of freedom, the Liouville field 5 
and the elf field 3 being possible candidates. The number of such fields at 
asymptotically high energies, determined from the partition function, would 
be an important piece of information. Further, since non-Abelian gauge 
theory is asymptotically free, one might hope that this could be obtained 
from a perturbative calculation. 

There is a problem, pointed out by Thorn. 6 The high temperature theory, 
in which one can calculate, is in a plasma phase and is separated by a phase 
transition from the low-temperature confining phase in which the flux tube 
exists. The point of this paper is that at large iV it is possible to analytically 
continue the low temperature phase past the transition to arbitrarily high 
temperatures. In this way, one finds a regime in which confinement and 
asymptotic freedom are simultaneously present. 

To begin, we recall a remarkable parallel between the statistical mechan- 
ics of string theory and of large-iV gauge theory, as discussed in detail by 
Atick and Witten. 7 In both theories the leading order free energy, gj t f ing or 
N~ 2 from the spherical topology, is /^-independent. In string theory this oc- 
curs because the spherical Riemann surface cannot wind around the periodic 
dimension. In gauge theory it occurs because confinement restricts the spec- 
trum to color singlets, whose number goes as N°. In both theories there is 
a transition at some f3 c to a phase in which the leading order free energy is 
/3-dependent. 

In SU(N) gauge theory, where we need not initially assume N to be 
large, the order parameters for this transition are the Wilson lines wrapping 
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k times around the compact dimension r, 8 

W k (x) = -TrPexp(ij o drA T (r,x)). (1) 

The theory has a Zn symmetry, consisting of gauge transformations g which 
are aperiodic by an element of the center, 

g(r + P) = e 2ml / N g(r). (2) 

These multiply the order parameters by phases e 2mkl / N . At low temperature, 
the Wilson line two-point function falls exponentially, 

W k (R)W^ k (0) ~ e -^) R , R ^ oo. (3) 

The two-point function vanishes at infinity, so the expectation values of the 
order parameters are zero and the Zn symmetry is unbroken. The Wilson 
line W\ is an external quark source, while the W k correspond to combinations 
of sources in higher representations. The T k (f3) are thus the effective string 
tensions for flux in the various representations. 

It is very useful to consider also a dual point of view, in which r is regarded 
as a spatial coordinate. Then 

M k {P) = (3TM (4) 

are the masses of winding states, states with electric flux in the periodic 
direction. At sufficiently small (3 these winding states become tachyonic 
(presumably the singly-wound M\ becomes negative first) and the theory 
makes a transition to a phase in which the order parameters have expectation 
values and the Zn symmetry is broken. 8 ' 9 These expectation values mean that 
an isolated quark source has finite energy: the theory no longer confines. 
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In the bosonic string theory there are also winding states, solitons with 
vertex operators e lk/3 ^ TR ~ TL ^ 4:7T and masses 

m 2 k ((3) = -87vT + k 2 (3 2 T 2 , (5) 

with T = Ti(oo) being the string tension. These carry a U (1) symmetry, with 
world-sheet current (d z r, — <9 5 r). 10 The phase structure is as in the gauge the- 
ory At large (3 the m 2 are all positive, and the £7(1) symmetry is unbroken. 
At sufficiently small /?, m\ becomes negative and the theory makes a transi- 
tion to a phase of broken £7(1) symmetry 11,7 

We are interested in the analytic continuation of the unbroken phase to 
small (3. In string theory such a continuation is quite routine. Bosonic string 
perturbation theory is an expansion around an unstable vacuum, due to the 
k = tachyon in eq. @. 12 In formal studies of the perturbation theory this 
is usually an uninteresting artifact, and amplitudes are defined by analytic 
continuation from positive masses. This can be done for the k ^ tachyons 
as well. In particular, the tree- level soliton masses-squared m\{(3) given in 
eq. (H) are simply analytic in (3. 

Given the identical natures of the gauge and string transitions, the same 
continuation should be possible in gauge theory. We wish to expand the high- 
temperature gauge theory around a non-standard Wilson line background 
with unbroken (confinement), rather than the broken symmetry phase. 
Since the string continuation is carried out order by order in g s t r ing, we will 
make the corresponding expansion, large- N, in the gauge theory. 

To obtain an effective field theory of the Wilson lines, fix the gauge such 
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that the r component of the vector potential is r-independent and diagonal, 

A: b (r,x) = 9 -j^5 ab , (6) 

and carry out the one-loop integral over the spacelike components of the 
vector potential. This leaves an effective three dimensional field theory of 
the 9 a (x), 

" W a ]e- S *. (7) 



with action 13 

ScS = I d3x {^ 9a ^ 9a + M^ ^f^' 6 ^ 2 }' (8) 
where 9 ab is 9 a — 9 b modulo 2ir, defined to lie between and 2-7T. The gradient 
term is from the tree level action and the potential term is a one loop effect. 
In the regime we will consider, the symmetric phase at small g, this is an 
honest low energy effective theory: the 9 a have masses of order (g 2 N)^ 2 f3'\ 
while the spacelike gauge bosons which have been integrated out have masses 
of order /3 -1 . 14 There are corrections of higher order in g 2 , and also corrections 
of higher order in (3 2 V 2 . Since the one loop term arises from the scale (3, the 
coupling in the action should be understood as g(/3). 

In the large- iV limit, the 9 a become infinite in number and it becomes 
appropriate to consider the normalized density 15 

p(M = ^EW -*«(*))■ (9) 

* * a 

The action becomes 

s c = ^/Af^ffi'V* (10) 
N 2 r « r r 2w 
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d 3 x J ^ d9 1 d9 2 p(9 1 )p(9 2 ) 9 2 l2 (27v-9 12 f 



As usual in the large- N limit, this is of order iV 2 with g 2 N held fixed. The 
potential favors all eigenvalues being equal, 



Pb (9,x) = 5{9-9 ), (11) 

breaking the U(l) of 9 — > 9 + e. The symmetric phase is completely deter- 
mined by the requirement that the eigenvalue distribution be [/(l)-invariant, 

p s {9,x) = ±-. (12) 

Expanding around the symmetric point, 

p(9,x) = ^i [ l+ £ Pfc (f)e-^|, (13) 

fc#0 

the quadratic part of the action becomes 

fe/O 

The Wilson line is simply W)~(x) = Pk{x) so we can read off the winding state 
masses 

Mk = "^W (15) 

This pattern is quite a bit different from that of the critical string, eq. (|5]) . As 
a check, both spectra depend on the parameters k and (3 in the combination 
k/3. 16 This is because a planar surface winding k times around a dimension 
of period (3 is the same as one winding once around a dimension of period 
k(3. We can therefore restrict attention to k — 1. 

It is convenient that the quantity the we are interested in, the number of 
degrees of freedom of a long k = 1 string, is directly related by a modular 
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transformation to Mf(f3). 17 Suppose that the density of states of the flux 
tube is equal to that of n free world-sheet scalars, so the spectrum of a tube 
with ends fixed at and R is 

E 2 = T 2 R 2 + 27tT j2[-—+ J2mN am ), (16) 

a=l V ^ 4 m=l / 

where T is the string tension, a labels the n scalars, m labels the harmonic, 
and N am is the occupation number. We have included the Casimir constant 
— t^j for good form, although it does not matter much at high temperature. 
The partition function Tr(e~ f3E ) can be found by standard methods. 18 It is 
of the form (||) with 

/3 2 T 2 (/3) = M 2 M = + P 2 T 2 . (17) 

At sufficiently small (3 this is always negative, the entropy of fluctuations 
overwhelming the string tension and favoring long strings. This is the usual 
picture of the Hagedorn transition, equivalent to the symmetry-breaking pic- 
ture presented earlier. 11 ' 7 

Comparing equations (|15j) and (0), we see that the partition function of 
the flux tube is not consistent with any fixed number of degrees of freedom. 
Rather, as we go to smaller (3 we excite more and more degrees of freedom, 
with 

6g\P)N 

n eff((3) ~ n3T(3 2 ■ ( 18 ) 

This is our main result. Any string theory equivalent to large- N gauge theory 
will have a number of fields which diverges at short distances. 19 In particular, 
various proposals that the gauge theory might be equivalent to a string theory 
with a finite number of world-sheet fields would seem to be ruled out. This 
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will extend to the spectra of mesons and glueballs as well: the number of 
states at high energy will greatly exceed that in a string theory. 

This is complementary to the result obtained by Atick and Witten in a 
very similar way. 7 They show that at high energy string theory has fewer 
degrees of freedom than any field theory. It should then be no surprise that 
the large- N gauge theory, which is a field theory with moreover an infinite 
number of fields, should correspond to a string theory with an unusually large 
number of degrees of freedom. It is remarkable that we have been able to use 
perturbation theory to obtain the number of degrees of freedom of an object 
which exists only nonperturbatively. We have little physical intuition for how 
this is possible, but experience with string theory gives us confidence that 
the approach is correct. The high temperature continuation of the confining 
phase is quite similar to the Eguchi-Kawai reduction of the lattice theory, 20 
as we will discuss further below. 

Now let us make some general remarks about the program to reformulate 
the large-iV theory as a string theory. There are at least three ways in 
which the flux tube might be unlike a fundamental string. First, it might 
have contact interactions, such as self-avoidance, which would be nonlocal 
on the world-sheet. The large- iV factorization property 21 shows that this 
is not the case, since factorization holds even for sources in close proximity. 
This also follows at least formally from the strong-coupling sum over surfaces 
representation. 2 

Second, the world-sheet might have holes: the large- N perturbation the- 
ory looks like a net rather than a surface. Here again the large- N flux tube is 
indistinguishable from a fundamental string: 7 as already noted the spherical 
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amplitude in a spacetime of large period (3 is /3-independent in both theo- 
ries, indicating no holes, and in both theories holes develop spontaneously at 
small /3 from the condensation of winding states. 

Third, the flux tube might be fat, unlike the infinitely thin fundamental 
string. Indeed, the number of degrees of freedom (|18D grows as /3 -2 , aside 
from the slow running of the coupling. This is just what would be seen 
if the flux tube were a t/iree-dimensional object with a thickness of order 
T -1 / 2 . Nevertheless, we believe that these degrees of freedom are actually 
internal, and that the large- N string has in some sense a zero intrinsic thick- 
ness. The first argument for this is the formal lattice representation as a 
sum over surfaces. 2 The second comes from another application of the high- 
temperature continuation. Consider a large Wilson loop lying in a plane, and 
compactify the two dimensions orthogonal to the plane. If the flux tube had 
an intrinsic thickness, we would expect that reducing the periods in the or- 
thogonal directions would squeeze the tube and increase its energy, reducing 
the Wilson loop expectation value. In fact, the expectation value is inde- 
pendent of the size of the orthogonal directions at large N, because a planar 
surface cannot wind around these dimensions in the symmetric phase. 22 

We have used the high temperature continuation to count the number of 
degrees of freedom in the flux tube and to argue that the tube has zero thick- 
ness in the large- N limit. Thus is should be equivalent to a two-dimensional 
field theory with an infinite number of fields. In fact, the high temperature 
continuation makes it possible to construct this theory: compactify the or- 
thogonal dimensions to very small radii while remaining in the symmetric 
phase. The resulting theory is essentially the dimensional reduction of the 
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gauge theory to two dimensions. The degrees of freedom are the N 2 gauge 
fields A^(t, a); the main subtlety seems to be in the expansion around the 
symmetric point. Going further, compactifying all but one dimension yields 
a matrix quantum mechanics of A^{r) whose spectrum is equivalent to the 
original gauge theory. This result is already known from the Eguchi-Kawai 
reduction, 20 ' 23 which we see can be interpreted as the analytic continuation of 
the confining phase. This reduction has not yet proven analytically tractable, 
but perhaps a reexamination is in order. 
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